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The dependence of the gap width on temperature has 
been estimated from the differential conductance at 
zero bias voltage. Good agreement is found with the 
predicted BCS variation if the BCS curve is scaled by a 
constant multiplier to give the best visual fit to the 
data. 

Structure, thought to indicate peaks in the phonon 
spectrum of mercury, has been observed in the first 
and second derivatives of the tunneling characteristic. 
d2I/dV2 exhibits two groups of minima, one group at 

1. INTRODUCTION 

THE use of double-resonance phenomena for the 
investigation of atomic structure was first dis

cussed by Bitter1 with reference to measurements on 
the hyperfine structure of excited atomic states. Some 
clarification of the original ideas was also given later 
by Pryce.2 In double-resonance experiments, atoms are 
subjected simultaneously to radiations at both optical 
and radio frequencies, which are near to the atomic 
resonant frequencies involved in electric dipole and 
magnetic dipole transitions, respectively. Experiments 
on the effect of such rf perturbations between the 
Zeeman sublevels of an excited state were proposed by 
Brossel and Kastler,3 and the first experiment on such 
double-resonance phenomena was done by Brossel and 
Bitter4 using mercury vapor situated in a uniform 
magnetic field. Here suitable optical resonance radi
ation excited the mercury atoms from the ground state 
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1 F. Bitter, Phys. Rev. 76, 833 (1949). 
2 M. H. L. Pryce, Phys. Rev. 77, 136 (1950). 
3 J. Brossel and A. Kastler, Compt. Rend. 229, 1213 (1949). 
4 J. Brossel and F. Bitter, Phys. Rev. 86, 308 (1952). 

low energies, in which the peaks are relatively large and 
sharp, and a second group at higher energies, in which 
the structure is small and broad. Neutron scattering ex
periments performed on mercury might provide further 
information about these peaks. 
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x5o to the state m=0 of the excited state 3Pi, the 
wavelength being 2537 A. Transitions to the states 
m=zkl were then induced by an rf magnetic field 
oscillating perpendicularly to the dc magnetic field at 
the Larmor frequency. These rf transitions were de
tected by the changes they produced on the intensity 
and polarization of the spontaneously emitted optical 
radiation. Resonance curves showing the variation of 
light intensity with dc magnetic field at a given rf 
frequency were obtained. From these curves quite 
accurate values of the g factor of the excited state were 
deduced, and the width of such resonances at low rf 
field amplitudes represented a measure of the natural 
linewidth of the excited state. 

Dodd et al.5 later did similar experiments which 
showed that the fluorescent light in such a double-
resonance experiment is strongly modulated at the 
Larmor frequency and at multiples of this, depending 
on the dc magnetic field and on the orientations of the 
incident and observed polarizations of the optical 
radiation. Such modulation effects are due to beats 
between the spontaneously emitted radiations at 

5 J. N. Dodd, W. N. Fox, G. W. Series, and M. J. Taylor, Proc. 
Phys. Soc. (London) 74, 789 (1959). 
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The theory of double-resonance phenomena, or the simultaneous action of optical transitions and rf per
turbations between the Zeeman sublevels of an atom, is extended to the induced emission and absorption 
processes effected by the monochromatic radiation and the discrete resonances involved in the gas laser. Ex
pressions for the probability amplitudes of the Zeeman sublevels under such conditions are derived from 
time-dependent perturbation theory, the lifetimes of the states being introduced in a phenomenological way. 
Zeeman splittings of both upper and lower states involved in the laser transition are considered, and an ef
fective term diagram used to discuss the results. Small signal approximations are applied to consider some 
specific cases, which show that the light beats seen in spontaneous emission when the rf frequency w0 equals 
the Larmor frequency, and in other instances, do not occur in induced emission unless such frequencies coin
cide with axial resonances of the laser cavity. Variations in the intensity and resonance effects are indicated 
at Zeeman splittings corresponding to coo, with similar variations in the amplitude of any beat frequencies due 
to multiple axial resonances. Additional coherence effects occur where levels cross, which will give rise to 
changes in the intensity and polarization of the induced emission at the corresponding frequency. 



J D O U B L E - R E S O N A N C E P H E N O M E N A IN GASEOUS LASER A3l7 

different frequencies from the excited Zeeman sublevels 
to the ground state, which have been made coherent 
by the rf field inducing transitions between them. 
Similar variations in the intensity of the fluorescent 
light were observed in the level crossing experiments on 
helium carried out by Colgrove et al.& Here the co
herence is imparted to the overlapping Zeeman levels 
by suitable resonance transitions from a common lower 
state. 

Dodd and Series7 have given an extensive theoretical 
treatment of double-resonance phenomena. This is 
applicable to the excitation by resonance radiation 
and subsequent decay by spontaneous emission of 
optical radiation from the Zeeman sublevels of an 
excited state with 7 = 1 to a ground state with 7=0 . 
It assumes that the excitation rate, or optical per
turbation, is small compared with the radio frequency 
perturbation which induces transitions between the 
Zeeman sublevels of the excited state. Coherence 
between these sublevels is thus imparted by this rf 
field, or by the excitation process when levels overlap, 
or by both of these processes. The theory cannot be 
derived in terms of the populations of the various 
states, but must consider that these are no longer 
independent when the rf field is applied. The phases 
of the probability amplitudes of the Zeeman sublevels 
are related to that of the rf field, and hence to each 
other. The fluorescent radiation from the various levels 
of a single atom then manifests this coherence on de
tection as light beats, which are due to interference 
between the optical radiations at frequencies separated 
by the Larmor frequency or multiples of this. Barrat, 
utilizing his elegant work on the theory of light trap
ping,8 has formulated the same problem in terms of the 
density matrix9 with essentially the same results. Here, 
the coherence between the Zeeman sublevels is apparent 
in the finite values of the off-diagonal elements of the 
density matrix. Later experimental work on double 
resonance10,11 phenomena in resonance radiation has 
amply confirmed the predictions of the theory. In 
passing, we may note that the absorption counterpart 
of these experiments is the work of Bell and Bloom12 

on an atomic vapor subjected to both suitably polarized 
optical radiation and rf fields acting on the Zeeman 
sublevels of the ground state. In this experiment, 
which was suggested by Dehmelt, a phenomenological 
treatment based on the Bloch equations13 was used to 

6 F . D. Colegrove, P. A. Franken, R. R. Lewis, and R. H. 
Sands, Phys. Rev. Letters 3, 420 (1959). 

7 J. N. Dodd and G. W. Series, Proc. Roy. Soc. (London) A263, 
353 (1961). 

8 J. P. Barrat, J. Phys. Radium 20, 541, 633, 657 (1959). 
9 J. P. Barrat, Proc. Roy. Soc. (London) A263, 371 (1961). 
10 J. N. Dodd, G. W. Series, and M. J. Taylor, Proc. Roy. Soc 

(London) A273, 41 (1963). 
11 B. P. Kibble and G. W. Series, Proc. Roy. Soc. (London) 

274, 213 (1963). 
12 W. Bell and A. Bloom, Phys. Rev. 107, 1559 (1957). 
13 F. Bloch, Phys. Rev. 70, 460 (1946). 

explain the phenomena. It is possible that a similar 
application of these equations could be made to discuss 
double-resonance phenomena involving excited states. 

In the present account the work on double resonance, 
and in particular that described in Refs. 7, 8, and 9, is 
extended to conditions applicable in the gas laser. Here, 
in contrast to the spontaneous emission processes con
sidered above, we must now deal with the induced 
emission due to the highly monochromatic nature and 
discrete frequencies involved in the laser radiation. The 
characteristics and resonant frequencies of the optical 
resonator must be considered, and laser oscillations of 
the particular polarization and frequency corresponding 
to a given optical transition must be possible before 
such a transition will be induced to emit. An example 
of a resonator which is isotropic as regards polarization 
is that used in the internal optics laser, which puts no 
polarization constraint on the interaction of radiation 
with the excited atoms within the resonator. Apart 
from this requirement, such a resonator may be made 
planar, spherical, or confocal in the usual way. A 
polarization constrained resonator would be obtained 
when Brewster angle windows are interposed inside the 
cavity, and is analogous to the use of an analyzer 
inserted in the output radiation from spontaneous 
emission processes in double resonance work. The effect 
of this can be deduced from the general results to be 
derived. The treatment will consider the coherence and 
radiative processes applicable to a single atom con
cerned in the laser emission. This may be regarded as 
the miscroscopic system from which the macroscopic 
properties of the ensemble of atoms such as polarization 
and intensity variations are derived. Excitation of the 
atoms occurs either by collisions with other excited 
metastable atoms or by preferential electronic inter
action with the different atomic states. We shall assume 
that such processes are isotropic for the various Zeeman 
sublevels and, in general, will only consider an atom in 
a particular atomic state at a time £=0. General time-
dependent perturbation equations involving both 
electric dipole and magnetic dipole matrix elements are 
derived which are valid for any level of the pertur
bations. To obtain some physical interpretation of the 
complicated equations the initial inducing optical 
perturbation is assumed small; the population of the 
excited levels is then determined by their decay time 
to lower lying atomic levels. The results so deduced 
thus correspond to a small signal theory. They are, 
however, valid for all ranges of dc magnetic field and 
for any level of the rf perturbation which establishes 
coherence between the Zeeman sublevels. Finally, 
some applications of the results to specific situations 
are considered. 

2. THEORY 

We assume initially that the laser operates between 
an upper level of total angular momentum j=l and a 
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J = 1 

!z 

J =0 

FIG. 1. Double-resonance arrangement considered. 

lower level with j=0, and that there is no nuclear spin. 
There are thus three magnetic sublevels \m) in the 
excited state which have equal decay constants ym to 
lower lying atomic levels. The lower level | /*) does not 
split in the magnetic field and has a decay constant yM 

to lower levels. Figure 1 shows the arrangement to be 
considered with the dc magnetic field acting along the 
z axis, and the rf field along the x axis, and rotating in 
the xy plane. Magnetic dipole transitions are induced 
between the \m) levels by the rf magnetic field, and 
electric dipole transitions are induced between the | m) 
and |/x) levels by the electric field in the laser. The 
results can be generalized later to more complicated 
situations such as occur in the He-Ne laser, where j=\ 
and j =2 for the upper and lower levels, respectively. 

The complete Hamiltonian for the system is given by 

3C=3CO+YJ- H+Xrf+3Ce+3CD, (1) 

where y=ge/2mc is the gyromagnetic ratio, and 3Co 
represents the unperturbed Hamiltonian. J H is the 
perturbation due to the dc magnetic field, which is of 
magnitude H along the z axis, and 3Crf is the pertur
bation due to the rf magnetic field, which we consider 
to rotate with angular frequency coo about the z axis 
in the xy plane. 3C# is the damping term introduced 
in a phenomenological way,14 and which is diagonal in 
ym and yM, and 3Ce is the electric dipole perturbation 
due to the laser emission. Using the electric dipole 
approximation, this is given by 

3Ce=eE«rcos«,£, (2) 

where E is the amplitude in magnitude and direction, 
and cos is the angular frequency of the laser radiation. 
The resulting time-dependent perturbation equation 
will be solved by regarding 3Ce as a perturbation on the 
eigenstates of the remaining part of the Hamiltonian. 
We thus write 

X=3C1+3Ce (3) 

and proceed to find the eigenstates and eigenvalues of 

14 V. F. Weisskopf and E. P. Wigner, Z. Physik 63, 54 (1930). 

3Ci, where 

We have 

(Ki i^aCo+TJ-H+aCrf+JCD. (4) 

3Crf=YJ- [_{HI coscooOi+ (Hi sinwoOJ] 
= hHiZJ+e-^+J-e™*1'], (5) 

where J±.= (JxdziJy). The Hamiltonian JCi may then 
be written as15 

3d = e-(i'*)/«»o*[aCo+7/JBr+7flri/af+3Cz>><*/*)/'"o«, (6) 

and the time dependence of a state |) in the ajm 
representation given by 

I >=£*0«(OW+0„(0IM>, (7) 

is determined by the Schrodinger equation 

ihd\ >/<«=3Ci| ). (8) 

As in other problems involving rf transitions between 
fine structure levels, it is convenient to apply the unitary 
transformation16 

\'\==eW*)Jzaot\ } (9) 

to the equation of motion (8). Referring to Fig. 2, this 
now becomes 

iM|/)/*=(OCi-wo/0)|/>=3C/|/>J (10) 

where the Hamiltonian 3C' in the coordinate system 
x'y'z rotating about Oz with angular velocity w0 is now 
independent of time. Expanding the state |') in the 
form 

r>=Em«» ,k>+a | l
, | /x> (ID 

and using Eqs. (7) and (9), we find that 

0«Ww»<>tom, < = ^ ( / M = 0 ) , (12) 

H-w0 /y 

FIG. 2. Effective magnetic field and axis of quantization z' in 
the rotating coordinate system. 

15 H. Salwen, Phys. Rev. 99, 1274 (1955). 
1 8 1 . 1 . Rabi, N. F. Ramsey, and J. Schwinger, Rev. Mod. Phys. 

26, 167 (1954). 
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and also that the effective electric dipole perturbation 
matrix element in the rotating coordinate system must 
be taken as 

eimct^(m\3Ce\fi)an or ^mwoXw|Xe|M>£~*MW<%M> (13) 

etc., for the cases where the / value of the lower laser 
level is zero or finite. Equation (13) follows by applying 
the above unitary transformation to the operator 3Ce, 
which gives 

^/=eiimJzo}0t^ee-(iih)jgUotm (i4) 

From Eq. (10) the Hamiltonian 3C', which is now 
independent of time, may be written as 

3Q,'=Wo+WD+8Jz+bJx, (15) 

where 5=co—co0, o)=yHy and b=yHi. For the desired 
representation, we require the eigenstates and eigen
values of the Hamiltonian 3C'. To obtain these we apply 
a unitary transformation U which rotates the coordinate 
system through an angle fi about the Oy' axis, where 
tan/3 =6/5 as shown in Fig. 2. The axis of quantization 
is then taken along Ozf the direction of HGtf, the effective 
magnetic field in the rotating coordinate system. Since 
3Co, and 3CD commute with this unitary operator they 
are unchanged. Hence, resolving Jz and Jx along the 
effective field direction we obtain 

3Q,'=3C0+3CD+pj/, (16) 

where p= (82+b2)1,2
} and / / is the component of total 

angular momentum along the new axis of quantization. 
The perturbation treatment is now carried out in 

this representation, in which the eigenstates and eigen
values are given by 

\M)=\ajJz'=Mfi), and E(a,j)+pMh, (17) 

respectively, and where M=—J \-J. Eigenstates 
\M) are linear combinations of the eigenstates \m) 
and may be obtained by a rotation of the coordinate 
system Ox'y'z through an angle fi about the y' axis. 
This rotation is effected by the irreducible represen
tation of the rotation group corresponding to the 
angular momentum j , and which may be written as17 

\M)=Zm(m\M)\m)=&(Ofi,0)mM\m), (18) 

where 

1/2 

aW=Ex 
(-!)*[( J+M) IQ'-M) 1CHV) Ki-V) 0 

( i -V- iO Ki+M-iO unOff+M'-/*) i 
Xcoswi0sin^/3. (19) 

u—2j-±-fjL—n'--2K, V—2K+IX—IL, and the summations 
over K are taken over all integers in the range between 
the larger of the numbers O o r / i - / and the smaller of 

17 E. P. Wigner, Group Theory and Its Application to the Quantum 
Mechanics of Atomic Spectra (Academic Press Inc., New York, 
1959), p. 167. 

the numbers j—p and y+/x. Thus, for j— 1 we obtain 
from Eq. (19) the result 

(m\M)= 0 
1 

- 1 0 1 

y/2s#cip cty-sty -^Isypop 
sty ^/ls\p(ty cty 

(20) 

where a//=cos%P, s\p=sm^. Results for the trans
formation elements (M\m) are obtained from Eq. (20) 
by transposing rows and columns. By considering the 
appropriate expansions it follows that 

(M\=j:m(M\m)(m\,\m)=Zm(M\m)\M)y 

(m\=ZM(m\M)(M\. (21) 

Expanding the state vector |') in terms of the 
eigenstates | M) we have 

| ,)=LM^(/) |M)+(z / i(0 | /x) (22) 

from which, using Eqs. (11) and (18), we find that 

fljf=ZmC(Af|w), and am
f = J^M(/fn\M)aM' (23) 

The Schrodinger equation including the electric dipole 
perturbation may now be written as 

iftd | ')/dt= (OC'+X/O | ' ) , (24) 

where 3Ce"= U3Ce'Ut 
Hence substituting Eq. (22) into this equation and 

using the orthogonality and normalization of the states 
| M), we obtain the equations 

ih&M = (Ej+pMfi)aM+ (M 13Ce" | M)#M—yu/2aM, 
ihd^ EJ^+J^M (M 13C«" | M)aM~yll/2aIA, (25) 

where E3- and Ej> are the energies of the upper and 
lower levels for the degenerate case. Equation (25) may 
now be transformed to an interaction representation 
by putting 

bM(t) = aM{t)e^^{E^m « (26) 

and similarly for <zM. Then substituting from Eqs. (18) 
and (21), the values of \M) and (M| in terms of \m) 
and (m\, respectively, and using Eq. (14), we obtain 
the results 

bM= (iti)"1 Hm eimmt(M \ m)(m 13C, | /x) 

K- (MY1 Em.M e-™»°*(ni\M)(vi\3Qe\m) (27) 
Xe-mnEj+pMz-Eri ibu-ljlb*, 

in which m and M take values from — / to + / , and 
where the relations between the probability amplitudes 
for the various representations used, which will deter
mine the initial conditions, are given by Eqs. (12), 
(23), and (26). 

Equation (27), together with these relations, repre
sents the solution to the problem of simultaneous time-
dependent electric and magnetic dipole perturbations 
on an atom. They are applicable to the case where the 
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total angular momentum j of the lower state is zero, 
but may be generalized immediately to that where the 
lower level has a finite j value, provided the g values 
of the upper and lower levels are the same. Such a 
restriction is necessary since the axis of quantization 
depends on the angle p given by ta,nP=yH1/(a)—co0), 
where o)=geH/2mc, The angle fi would thus be different 
for these levels if the g values were different. In this 
event the approximation would be made that the effect 
of the rf field on one or other of the levels was negligible. 
Considering then equal g values for the upper and lower 
levels we may write the generalized equations as 

bM= (ih)~l "£mjxK etoontnrtfbKemni!S+pM*-iiit-P*ia t 

X{M\m)(m\^e\^\K)~yM/2bM, 

bK= (ih)-i Y.^M e-^^-^bu (28) 
x e- <*/*> iBt+pMtr-Bi-phia t(K | M)(M 13ea | m> 

X(m\M)-yK/2bK, 

where 

\K)^T,MK)W)^)=Y:K{K\^\K) (29) 

and relations similar to those in Eqs. (12), (23), and 
(26) hold for bk(t). The coefficients (jn\K)} etc., are 
deduced from Eq. (19) for the given j value. For a 
lower laser level with j= 2, there would be (2j+1)2= 25 
such coefficients. 

To check the form of Eq. (27), assume first that there 
is no electric dipole perturbation, or 3Ce=0. Then, from 
Eq. (27) we have 

bM(t) = bM(0)e-y™/2i, 

and using Eqs. (12), (23), and (26) we obtain 

(30) 

XY,™>{M\m')am,(0). (31) 

k . J = 1 ^ ^ 

\x=x: 
[x=x; 
| Hi/Ho* 1/4 

I , I . I 

^ 1.1 

* ^ ^ 0,1 

y ^ ^ - - 1 . 1 j 

> v -1,0 
V ^ * 1,-1 

V . ^ * 0,-1 

^ * -1 ,-4 

i 1 , — 
0 1 2 3 

H/H0 

FIG. 3. Frequency diagram and level crossings for dc and rf 
magnetic fields acting on level 7 = 1 . 

Supposing am>(0) = 5m'n; we obtain the result 

am{t) = e~im^f Y.M {m\ M){M \ n) 
y^e~{ilh)[Ej+VMh-ifiyml2]t ^ ($2) 

Equation (32) gives the probability amplitude at time 
/ of the eigenstate |m), when the rf perturbation and 
damping terms have acted for a time t on an atom 
which, at £=0, was in the eigenstate or Zeeman sub-
level \n) of the excited state. I t agrees with Eq. (17) 
of Ref. 7 and is analogous to the well-known Majorana 
formula18 used for such considerations, within this case 
an extension to include the effects of the decay of the 
excited states. Secondly, suppose that there is no rf 
perturbation applied to the Zeeman sublevels of the 
excited state. Then we have b=yHx=0, #=[(co—co0)

2 

+£2-j i /2=( c o__ a ) o) j . 0 = O j (m\M)={M\m)=8mM, a n d 
Ei t f<w|Af)=]C»(Af |w)=l . Equation (27) then re
duces to the form 

bm= {ifi)~l ZM (tn\3Ce\My/**~-**J tbll-ym/2bm, 

K= (ift)'1 Em <M 13C« | my-miBnr-^ tbn-yjlbt, (33) 

which correctly represent the equations for the proba
bility amplitudes of the Zeeman sublevels under the 
effects of an electric dipole perturbation and damping 
terms in the interaction representation. These results 
essentially verify that the Eq. (27) represents the 
solution for the effect of both rf and optical pertur
bations on a single atom. 

3. DISCUSSION 

Equation (32) gives the probability amplitude am(t) 
of the state \m) for an atom subjected to the simul
taneous action of dc and rf magnetic fields, the atom 
being in the state \n) at / = 0 . A similar result may be 
obtained from Eq. (31) for any other initial state of 
the atom at / = 0 . By analogy with the expression 
am(t) exp(—iEmt/h), for the probability amplitude in a 
stationary field, we may draw effective frequency or 
term diagrams for the more general case of both rf and 
dc magnetic fields. Such a frequency diagram was first 
discussed by Pryce2 for the case where J=\ and was 
further elaborated in the work of Dodd and Series. 
These results follow immediately from Eq. (31), which 
is here deduced with particular reference to stimulated 
emission processes as in the gas laser. The levels may 
be drawn from the terms in the exponent of Eq. (32), 
where the splitting occurs symmetrically about the 
level Ej/fi. We thus have the terms 

?na>o+pM, where ^=[(cu-co0)2+(7-S ri)2]1/2 , (34) 

for the various levels with m, M taking the values — / 
to + / . A term diagram for the excited state / = 1 is 
shown in Fig. 3, together with the values of (m,M) for 
the various terms. These levels should be weighted by 
the term (m | M){M \ n) for an atom initially in the state 

18 E. Majorana, Nuovo Cimento 9, 43 (1932). 
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\n), or by similar terms deduced from Eq. (31) for 
any other initial state of the atom. These terms govern 
the populations of the various levels and depend on the 
angle 0 or on the levels of the dc and rf magnetic fields. 
Such terms, together with the damping term ya must 
be considered in the analysis of a particular situation, 
but the simple term diagram is very effective in showing 
the values of magnetic fields at which coherence effects 
between the various levels will be most pronounced. 
We note that Fig. 3 is drawn for an assumed value of 
Hi/H0=j; for lower values the shape of the curves 
would be affected most in the region H/Ho~l, but 
otherwise would not be changed unduly in other regions. 
HQ is the value of dc magnetic field for which oo0, the rf 
frequency, is the Larmor frequency. 

The quantum numbers M correspond to the eigen-
states in the rotating coordinate system in which the 
Hamiltonian is independent of time. Transitions be
tween the levels due to the rf magnetic field are thus 
those in which m changes but M remains unchanged. 
Thus, supposing the atom is excited to the state (0,0) 
by suitable resonance radiation, the rf perturbation 
will then establish coherence between the levels (1,0), 
(0,0), and (—1,0), and in the case of fluorescent 
radiation this coherence will be evidenced by the 
appearance of beats or modulation effects at frequencies 
m and 2w0 in the detected light. Other possibilities for 
coherence exist at values of dc magnetic fields at which 
levels cross as at H=%H0, H0, 2H0j and 3HQ and are 
discussed in Ref. 7. For example, at a magnetic field 
H=3H0, the levels (1,0) and ( - 1 , 1 ) cross. Thus, if 
the incident polarization of the resonance radiation is 
orientated so as to excite both these states | m = 1) and 
\m~ — 1) coherently, the rf perturbation will establish 
coherence between all levels with M==l and Jlf=0, 
and in the fluorescent radiation modulation effects or 
beat frequencies up to 4co0 will be possible for appro
priate orientations of the observed polarization. Here 
such modulation effects arise from the interference 
between the spontaneous radiation from levels mM— 1, 
1; 0, 1; — 1 , 0; 1,0; 0, 0; and — 1 , 0; these emit fre
quencies each differing by COQ and which are rendered 
coherent by the exciting radiation and the rf magnetic 
field acting between the Zeeman levels. Such con
siderations readily follow from Eq. (32), which gives 
the probability amplitude am(t) both in phase and 
amplitude. 

For induced emission, as in the gas laser, differences 
will occur since only those transitions which correspond 
to laser emission, or to resonances of the laser cavity, 
will be effective. Thus, referring to Fig. 3, suppose the 
atom is in the state (0,0) and the laser frequency 
corresponds to the separation between this level and 
the lower level 7 = 0 considered here. The rf pertur
bation will then establish coherence between the levels 
(1,0), (0,0), and (—1, 0), but only the frequency corre
sponding to the level (0,0) will occur with the dc 
magnetic field transverse to the laser axis. Resonances 

of the rf frequency corresponding to H=HQ) or the 
Larmor frequency, will be manifested by changes in 
the intensity of the laser, particularly for low values of 
Hi, the amplitude of the rf magnetic field, since levels 
(—1, 1) and ( - 1 , - 1 ) will be close to level ( - 1 , 0 ) 
at this point and will be induced to emit. Resonance 
effects on the intensity of the laser emission may thus 
be expected, but no beats or modulation effects at o>o 
or 2a>o will be present since the resonator is assumed 
not to respond to such frequencies. Modulation effects 
will occur if the frequency o>o corresponds to the axial 
mode separation of the resonator, since in this case 
transitions from the levels (1,0) and (—1, 0) will also 
occur. Other effects will occur where levels cross, such 
as when H=\H^ etc., the laser resonator can then be 
tuned to the corresponding frequency and will then 
operate on both transitions from the levels (0,1) and 
(—1,1), assuming a suitable orientation of the dc 
magnetic field. Such states which cross are also excited 
coherently by the atomic or electronic collision processes 
involved, and will also be induced to emit coherently 
at the specific laser frequency. Intensity variations and 
polarization changes are to be expected in such regions 
of the frequency diagram, but no beat frequencies at 
a>o, etc., will appear unless the frequency o>o again 
corresponds to frequency separation between axial 
modes of the resonator. These represent the general 
considerations involved in the interpretation of the 
frequency diagram in Fig. 3 for induced emission and 
in the use of Eqs. (27) and (28). Figure 4 shows a 
similar but more general term diagram deduced from 

mtM 

FIG. 4. Frequency diagram for action of dc and rf magnetic 
fields on the 1.153 /* He-Ne laser transition. 
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FREQUENCY t < /t||.// fc[m«0> 

_ 
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FIG. 5. Single laser transition (/i = 0[3Ce|w = 0) and effective 
term diagram for H^HQ. 

Eq. (28) for upper and lower levels with J= 1 and / = 2, 
respectively, where the g values of the levels are assumed 
identical. This diagram is applicable to the 1.153 y. 
transition in the He-Ne laser and to other laser tran
sitions. A few specific examples of the use of Eq. (27) 
will now be given. These will be restricted to a Zeeman 
splitting of only the upper level 7 = 1 , but similar 
considerations will apply to more complicated cases 
such as that shown in Fig. 4. 

Consider first the case shown in Fig. 5 where the only 
laser transition or induced emission is that between the 
upper state / = 1; m, M= (0,0), and the lower state 
7 = 0 . Let comM= (Ej—Ej>)/h, where here M=/JL = 0; the 
matrix element involved for a transverse dc magnetic 
is then given by19 

(ajm\r\afj+lm)= (aj:r':aj+l)k=Ck, (34) 

and the polarization will thus be linear and in the z 
direction. Using Eq. (2) for the electric dipole pertur
bation together with the rotating wave approximation, 
Eq. (27) gives 

6M= (eE/2ih) ZM (0\M)ei^^tbM-yfi/2bfi) (35) 

where £2=cos—a?mM, and we have omitted the constant 
C in the electric dipole matrix element. There is a 
similar equation for the probability amplitudes of the 
upper levels from Eq. (27). The approximation is made 
that the decay of the | M) levels is primarily determined 
by the decay constant JM, which amounts to a small 
signal theory, the repopulation of the M levels due to 
the laser emission is thus assumed small. Equation (27) 
then gives the result 

M0=Moy"7W2S (36) 

and substituting into Eq. (35) we obtain with £M(0) = 0 
the result 

e£ ei(Sl-pM)t+Tt_l 

*,(fl=—*-^'E— (0\M)bM(0), (37) 
2th M i(Q-pM)+T 

19 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1935), p. 63. 

where T = yti/2~ym/2, and the value of bM(0) must be 
determined by the initial condition from Eqs. (12), 
(23),^and (26), which give 

M O ) = M O ) = Zm am(0)(M I m) • (38) 

For an atom in the state | m= 0) at t= 0, we thus obtain 

M 0 ) = <M|0). (39) 

Substitution of the coefficients (M\0) and (0\M), ob
tained from Eq. (20) and its transpose, into Eq. (37) 
gives the probability amplitude bjf) for the atom in 
the state | /x=0), and the emission of a photon with 
polarization in the direction k. 

Equation (37) gives the value of b^(t) for any value 
of 12, and for all values of p, which represents the effect 
of the rf magnetic field. Putting 0 = 0 and combining 
terms in Eq. (37) then gives 

eE 
bll(t) = —(TV»f2t 

2ih 

TeTt co$pt+peTt sinpt— T 
sin2/3 — 

V2+p2 

ert-l-\ 
+ cos 2£—— (40) 

and the total probability or steady condition for such 
a transition is then 

Jo 
|6M (0 |2* . (41) 

Suppose that /3=0, or no rf magnetic field is present, 
then Eqs. (40) and (41) give 

Pe= (e£/*)WC7-7p(T.+7^)], (42) 

which agrees with the general expression for such a 
transition probability in a two-level scheme,20,21 under 
the small signal approximation. When the rf frequency 
coo equals the Larmor frequency a>=yH, /3=7r/2, and 
Eqs. (40) and (41) then give 

/e£\2rW2(r2-£2)+2r^2 r2+^2 r2 

2r(rr!+^2) 
7 M 

iY+i>2 (r2+^2)2 , (43) 

which reduces to Eq. (42) for p=0, Ti= i(TM+7m). 
Similar results for general values of /3 and p may be 

deduced from Eq. (40). These special cases show that 
the probability PSj which represents the intensity of 
the induced emission, will depend on the rf perturbation 
applied to the upper levels, and resonance effects will 
occur when coo corresponds to the Larmor frequency 
yH. The polarization will correspond to the x mode 

20 W. E. Lamb, Jr., and T. M. Sanders, Jr., Phys. Rev. 119, 
1901 (1960). 

21 W. R. Bennett, Jr., Phys. Rev. 126, 580 (1962). 
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transition for the orientation considered here, and no 
beat frequencies will be observed. Other initial states 
of the atom at t=0 may be considered in a similar way 
using Eqs. (20) and (38). Thus, if the atom were 
initially in a coherent superposition of the states \m) 
with equal probabilities we would obtain the values 

M 0 H [ l + ( s i n / 3 ) / v 2 ] / v 3 , 

io(O)=(cos0)/V3, 

^i(0) = [ l - ( s in /3 ) /v2] /v5 , 

(44) 

and the analysis would then proceed by substituting 
these values into Eq. (37). 

Consider now the situation shown in Fig. 6, where the 
frequency separation between the levels (tn,M) 
= (—1, 0); (1,0) equals the frequency interval between 
axial modes of the laser cavity. On tuning to these 
levels there will be two optical frequencies which will 
induce transitions between the upper and lower levels 
corresponding to A w = ± l with matrix elements given 
by19 

{ajm | r | a'j+ lmd= 1) = =FCl/v2(i±*j) (45) 

for the laser axis along the z direction. Thus, transitions 
Aw= + 1 have an oscillating electric dipole i—i] and 
give rise to right-hand circular polarization, while 
Am= — 1 corresponds to i+^j and hence to left-hand 
circular polarization. For the transition m = — 1 —» 0, 
Eq. (27) becomes 

k= (i*)"1 E M <-11M) <013Ce| - 1 ) 

Xe-vw+v^^'bM-y^b^ (46) 

where W=Ej—Ejf. Hence, with ho)-.lfl=W— hcoo and 
fii = cos—co_iM, together with the small signal approxi
mation, we obtain 

h = (i-i])e~^2ti: 
2\/2ih M i(Q1-pM)+T 

X(-l\M)bM(P). (47) 

Similarly, we obtain for the transition Am= — 1 the 
result 

eE ei(®2-pM)t+rt__i 
b,= •(i+ij)erV2« £ 

2^J2ih M i(Q2-pM)+T 

X(l\M)bM(0), (48) 

where Q2=<*)s' — fo~1(W+ficoo), and hence av = w6+2ajo. 
Both Qi and fl2 will be zero when the laser is tuned to 
the line centers. From Eqs. (47) and (48) we see that 
two oppositely circularly polarized transitions will 
occur, and that light beats at a frequency 2co0 will be 
obtained on detection. This corresponds to the modu
lation effects observed in the case of spontaneous 
emission as discussed earlier. From a consideration of 
Eqs. (47) and (48) we again see that the intensities of 

-AXIAL MODES 
OF CAVITY-

FIG. 6. Two laser transitions (ju|3Ce|w = l) and (jj.\3Ce\m— — 1) 
and effective term diagram for II^II0. 

these transitions, and hence the beat amplitude, will 
vary with the parameter p in a similar way to that 
discussed with reference to Eq. (37). 

As a final example we consider the point H= 2H0 in 
Fig. 3 at which the levels (0,0), ( - 1 , 1), and (1, ~ 1 ) 
cross. Coherence is thus imparted to all levels (m,M) 
in the diagram by the rf magnetic field. All transitions 
at the crossover point corresponding to w = 0 , ± 1 may 
be induced by a single laser frequency a>6~ W/ft. 
Consider the laser oriented along the z axis so that only 
the transitions A w = ± l will be induced. At such a 
crossover point the atom will be excited by the collision 
process into a coherent mixture of the states (0,0), 
(—1, 1), and (1, —1), so that the resulting probability 
amplitudes of the transitions Am==Ll may be com
bined in a coherent way and hence, the probability 
and resultant polarization determined. The half-
intensity widths of such transitions which crossover 
will be associated with the natural linewidths in con
trast to other transitions which do not cross, where the 
linewidth will be determined by the magnitude of the 
rf field if this is large enough. 

Equation (27) with both transitions A w = ± l now 
becomes 

b,= (*E/2if t ) [2* (fx 13Ce | - 1 ) ( - 1 1 M)bM 

Xe-^W+vMK+^^-yJlbt, (49) 

and the frequency cos of the inducing radiation is in the 
vicinity of W/h. At the crossover point H^2Ho, and 
hence ^~coo if yHi is small. I t is thus clear that the 
inducing laser radiation will have the greatest effect 
on the levels (m,M)== (—1, 1), (1, —1), assuming only 
one effective cavity mode, since levels of the same m 
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but different M are separated in frequency by a>o, 
which would be greater in general than the natural 
linewidths of the transitions. Only the values M— 1 
and M~ — l thus need to be considered in the first and 
second terms on the right-hand side of Eq. (49), 
respectively. Letting <a8=W/fiJ and taking the rotating 
wave approximation in Eq. (2), we obtain 

6„= (eE/2ih)Z(ji | r | - 1 ) ( - 1 1 M = l)bie
m 

+< M | r | 1) (l\M=-l)b-1e~i^-vfl/2t, (50) 

where tt = ooQ~p. In the small signal approximation 
with bM given by Eq. (30), and with the matrix elements 
in Eq. (45), we find 

bli(t)=(eE/2^h)e-^2' - ( i - t j ) ( 
T+iQ 

X < - l | M ) 6 i ( 0 ) + ( i + i j ) ( — 
\ T-iQ J 

] X < l | i l f ) M 0 ) . (51) 

Further reduction of Eq. (51) depends on the co
efficients (—l\M)bi(0) and (l\M)b-i(0), and hence on 
the initial state of the atom at t=0. For an atom in the 
state | m=0) at / = 0 , Eqs. (20) and (38) give the results 

(m= -11 M= l)Ji(O) = - v 2 sin30/2 cos^/2, 

(m=l\M=-l)6_i(0)=v2sin3/3/2 cos/3/2, (52) 

while if the initial state is a coherent superposition of 
the states \m) with equal probabilities, we obtain 
similarly 

(m= -11M = 1)6! (0) = sin2/3/2[l+ (sin/5)/vT]/v3 

(m=l\M=-1>J_i(0) = s in 2 /3 /2[ l - (s in/^/vTyvS. (53) 

The initial probability amplitudes of the states (—1, 1), 
and (1, -~1) thus depend on the angle /3, and if this is 
small such levels will be weakly populated. Substi
tuting Eqs. (52) and (53) into Eq. (51) shows that the 
resulting polarization will be linearly or elliptically 
polarized respectively, depending on the initial state 
of the atom. A rotation of the plane of polarization will 
also occur as 12 increases. This is related to the Hanle 

effect22 at small dc magnetic fields where the states | m) 
overlap, and there is no rf field present.23 At the cross
over point of the levels (—1, 1) and (1, —1), the dc 
magnetic field H^2H0, and GJ=2COO, hence 

n = o)o-p^yH1
2/2H0j 

tan/3=#i/270 . (54) 

Hence, in general, depending on the lifetimes of the 
states, such effects will be small unless Hi is comparable 
with H0. This is analogous to the case of a strong dc 
field along the z axis, even at the Larmor frequency 
resonance of the rf, and means that in this event the 
mixing of the states will be small. Figure 3 was drawn 
for Ht/Ho equal to J, but smaller values of Hx should 
give measurable effects in some instances. Other cross
over points in the region of H/Ho=%, f, 3 could be 
considered in a similar way by suitable orientation of 
the laser so that transitions Aw=0, ± 1 are possible. 

Similar results may be obtained for the more general 
level scheme shown in Fig. 4. Here, since the lower 
levels are also split to a similar degree, more transitions 
at a given frequency o)s can be induced between the 
upper and lower states, but the results would be 
analogous to those already derived. These will be 
considered at some future time in conjunction with 
experimental results. I t also follows that Eqs. (27) and 
(28) are applicable for absorption processes as well as 
emission. In this event we would determine the proba
bility amplitudes bu(t) for particular initial values of 
^^(0) or 6^(0). Finally, the effects of both rf magnetic 
fields and optical perturbations on a single atom have 
been considered in relation to intensity and polarization 
changes in the radiation. In the actual gas laser there 
are great numbers of atoms with a velocity distribution 
corresponding to the temperature of the emitting atoms. 
However, any treatment of the macroscopic system 
under such conditions must reflect the characteristics 
of the microscopic systems which comprise the en
semble. Various initial states of the atom have been 
assumed in the theory, and such double-resonance 
effects represents a potential method for the investi
gation of the excitation and decay processes involved 
in the laser. 

22 W. Hanle, Z. Physik 30, 93 (1924). 
23 W. Culshaw and J. Kannelaud, Bull. Am. Phys. Soc. 9, 65 

(1964). 


